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An analytical model for dispersion and diffusion of chemically reactive primary pollutants emitted
from an elevated line sources into a stable atmospheric boundary layer with generalized wind velocity
of quadratic function of vertical height z. The model obtained from an analytical solution of the
atmospheric diffusion equation with the quadratic diffusion coefficient (exchange coefficient) and
three different types’ sources viz. continuous, an instantaneous and step-function type sources. The
pollutants considered to be of chemically reactive primary pollutants emitted from the above said
sources. The results are validated with that of the case where there is particular type of wind profile
and have good agreement with them. In order to facilitate the application of the model the results for
the general situation that includes chemical reaction rate and time dependent source incorporated in
the model.

Key words: Stable boundary layer, instantaneous line source, continuous line source, step-function type
sources, chemically reactive pollutants, quadratic diffusion coefficient, and generalized parabolic wind profile.

INTRODUCTION

The concentration of the pollutant in the atmosphere is
generally influenced by several processes such as
advection, turbulent diffusion, deposition, removal
process and conversion of gaseous pollutants to the
particulate materials. Pollutants may be removed from
the atmosphere by natural cleansing processes e.g.
washout/rainout and gravitational settling.

In this article we study the unsteady state dispersion of
the chemically reactive pollutants into stable atmospheric
boundary layer. K-theory might be most successful in the
stable atmospheric boundary layer, where the diffusion
coefficient is assumed a parabolic height dependence
(Nokes et al., 1984, Neustadt, 1980). but quadratic
profiles has also recently been proposed (Neustadt,
1984). In this model attention is focused on the
generalized quadratic form of wind profile and pollutants
are of chemically reactive primary pollutants. The steady
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state two dimensional model with non reactive gaseous
pollutants from an elevated line source without settling
has been studied by the earlier authors (Robson, 1987,
Nokes et al., 1984, Neustadt, 1980, Neustadt, 1984). In
this article the mathematical model for time-dependent
and chemically reactive pollutants is developed. And
moreover, the analytical solution of the model meets
challenges over the numerical works had done by the
authors in previous works.

Formulation of the Mathematical Model

The dispersion of chemically reactive primary admixture’s
concentration in a turbulent atmospheric medium, when
admixture gravitational precipitation cannot be neglected,
is actually described by the following diffusion equation.
The following mass transform equation describes the
dynamics of advection, diffusion of chemically reactive
pollutants.
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Here ¢ is the time, x, y, z are the space co-ordinates with
z-axis along the vertical, C the concentration of primary
pollutant,  (u,v,w) the component of wind in

x, y,z direction respectively andK ,K , K. are the
turbulent diffusion coefficients along x, y, z -directions

respectively. K"is the chemical reaction rate and Sis the
source. We assume that the pollutants are emitting from
the elevated line source of time dependent. The model is
of time-dependent. In addition the following assumptions
are made according to the physical situation concern to
the model.

(i) Convection dominates over horizontal diffusion (x-
direction) and vertical diffusion dominates over advection.
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(i) The wind direction is assumed to be in the x-direction
and hence the velocity component along y-axis is zero.
v=0

(iii) The elevated line source is in the direction of y-axis,
therefore, the flux gradient of concentration is zero in the
y-direction
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(iv) The source S is taken to be of time dependent line
source and it is assumed to be in the y-direction i.e.

S=0Wt)S(x—x,)d8(z~z,) 2.2

where (xo,zo) denotes the co-ordinates of source.

The possible forms of the source terms are:
a. Aninstantaneous type of source:

W) =w,o(r) 03

b. The continuous type of source:

W =w. 24

c. Step-Function type of source:
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|/ O0<t<t

W(t)={ T 25

0 , t>t,

(v) The reaction rate is assumed to be of the first order
decay.

Based on the above assumptions the transport and
diffusion equation (2.1) becomes:

ac BC 3(1( acj K" C+QW(1)o(x—x,)0(z - z,)

at ax 0z 0z

2.6
Initial and boundary conditions are:
C(x,z,t;=0 at =0, Vx, z €eR' 2.7

Cxz)=0 atx=0, 120, 0<z<H 28

K7 aC(x,Z,t) — 0’ zZ = H . v x,t > 0 29
° 0z

Kz aC(éx,Z,t) — O’ Z :O s v x,tZ O 210
Z

Meteorological parameters

In a stable atmospheric boundary layer the diffusion
coefficient K and wind velocity u(z)are taken to be
functions of height —z as below;

e 3.1
k zZ, L
huz(l-z/H)

T 1+4.77/L

In an atmospheric boundary layer we may distinguish the
surface layer and the outer layer. In the surface layer the
wind speed profile behaves like Inz and exchange
coefficient behaves like z. this behavior can be
recognized in the expression given above. If, however,
we make the assumption that the surface layer is small
with respect to the boundary-layer height and that as a
first approximation the effect of the surface layer on the
dispersion of, for example, an elevated source may be
neglected, we can simplify the u(z) and K(z) profile to

u(z) =

3.2

u(z) = 3.3

kL
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3.4

L(1-z/H)

But in this article we assumed the wind profile and
exchange coefficient profiles in the power series and

parabolic forms respectively. In 3.1 and 3.2 u, is the

friction velocity, L the Monin-Obukov length, k von
Karman constant and H the boundary layer height.

Dimensional Analysis

The analysis is facilitated through the introduction of the
dimensional variables. Thus we have

z=2,  R_qzp x= By M:[Z} =7,

H K, H’u, u, |H
Where, n is the constant decided on the stability of
boundary layer. In the model specified by (2.6) the
velocity profile is assumed in the generalized form of the
powers type:

u
ﬂ:ao+alZ+azZ2 4.1
u()
, K , H<u>
f'=—0r ¢
H wo
u
where, <u>= 2
n+l
ATuH
and p=tMH K1 (RobsdR.E1987
kL 47

Dimensional form of source terms

W(T) = V@) _ o) Impulse source
W()
4.2
W(T) = W) =1 Continuous source
C
4.3

W(T):W(t):{l’ O;TST

? Step-Function
We

type source. 4.4

Incorporating all the non-dimensional variables in the
equation (2.6) we get:

H<u>H ol H<u>u, H2 THETE, -
WK 9 ,oC\ WK' . WWT)
— | (-2 = |——C+ X-X )8z-7
H<u>H23Z(( Z)azj H<u> HHu, AX=X,)42-2,)
45
c ,\ Oc
+(a t+a,Z+a,Z ) =
(( % acj ac+ YD s(x _x,)8(z-2,)
P
4.6

Dropping out the capitals the above differential equation
with initial and boundary conditions becomes.

—C+(a +a,z+a zz)i:
at 0 1 2 ax
0 W (t
((l )’ —j—ac+ ()S(x—xo)é'(z—zo) 4.7
oz oz Yo,
Where,
p=a,+2a,+3a, 4.8
KHHZ . . .
= (non-dimensional reaction rate parameter).
4.9
Initial and boundary conditions are
c(x,2,t)=0 at =0, Vx z €eR' 4.8

c(x,zt)=0 atx=0, t=0, 0<z<Il 49
(I—Z)Z aC(X,Z,t)

=0, z=1, V xt=>20 410
0z

(1—2)2M=0, z2=0, V xt>0

0z
411

Method of Solution
Taking Laplace transform along t, the partial differential

equation (4.7) reduced to the ordinary differential
equation as below
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5.3
Where,

c (x,2,8)= J.e'Stc(x,z,t)dt 5.4
0

This is a 2-Dimensional partial differential equation along

with the initial and boundary conditions:

Z(x,z,s)=0 at x=0, 0<z«1 55
(l-z)zadx—’z’s)=0, z=1, ¥V x>0 5.6
0z
d(x,2,s)
(1-zf7:o, =0, V x>0 5.7

Again applying the Laplace transform along x-variable the
above 2-D partial differential equation reduced to the
ordinary differential equation with only boundary
conditions:

{(1 )2 a'c] ((x+s+p(iaiz[])2 = _Me_px”g(z_zo)
dz 0 P

5.8

(1-7)> — dc at z=1 5.9
dz

(1-2)* — dc 0, at z=0 5.10
dz

c (p,z,s):'[e_pt E(x,z,s)dx 5.11

The solution of the above equation can be obtained via
Green’s Function technique in two regions for z <z,
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(region below the source) and for z > z, (region above

the source) and up to the inverse layer whose height is
1(non-dimensional parameter of height).

The reasons for the Green’s Function

technique are

using

(i) Green’s Functions are flexible and powerful. The same
GF for a given geometry and given set of homogeneous
boundary conditions is building block for concentration
distribution resulting from (a) space variable initial
concentration distribution, (b) time-and space-variable
boundary conditions and (c) time and space variable
volume energy generation.

(i) a second advantage of GF method is the systematic
solution procedure. The saving effort and reduced
possibility of errors are particularly important for two-and
three dimensional geometries.

(iii) a third advantage is that 2 and3 dimensional GF’s can
be found by simple multiplication of one dimensional GF’s
for the rectangular coordinate system.

(iv) a fourth advantage is that the GF solution equation
has an alternative form which can improve the
convergence of problems with non-homogeneous
boundary conditions.

(v) a fifth advantage is that the GF solution method can
be time partitioned to reduce the no. of terms of an
infinite series that must be evaluated. Time partitioned is
a general method. The method of time partitioning can
give accurate values for the concentration using only few
terms in the infinite series.

Case 1

When the source is of impulse type:

When, the source is of impulse type W (1) = 0(t) then,

W(s)=1. The solution of the equation (5.8) may be
obtained through Green’s Function method as

_p_xo
e 9P (z) <z 61
pAl o .
A
C(p.zs)=
_p_x
pA Y

1

Where, ¢ (z)and ¢h(z) are the two linearly independent

solutions of the homogeneous differential equation
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5.13
satisfying the boundary conditions:
d
(I'Z}z—¢:0, at =1 5.14
dz
(1-zf %):O, at z=0 5.15
dz

A is determined by the Wronskian

WOl =060 2) =0 GO = 5
—2Z,
5.16
Now introducing a new type of transformation in equation
(5.13):

n=2,/a,p(1-z)we obtain 517
4_441_, pazi 5.18
dz a’n dz dn

2 2 2
d—zz—d (dﬂ j4paz d 5.19
dz  dn \4& an’

The homogeneous equation (5.13) becomes

d*¢ _ do +2a
P —sa+s+pla, +a +a,)- 2 in+-—19=0
n an ﬂd?] { s+pla, +a,+a,) P[ o ]77 4 }¢

5.20

or

d’¢ d¢ n’
P 42— -+ An-A, =0, 521
n i ﬂdﬂ { 1 A=A, @

Where,

A, [alzj/%z J\/— 5.22
and

AL =a+s+pla, +a +a,). 5.23
Let’ assume the transformation

¢= lW(f]) 5.24
n

where @ is the solution of the differential equation (

5.21). The equation (5.21) becomes after introducing the
above transformation:

2 1 A A
_d W +{——+—1——2}W =0 5.25

General form of the Whittaker differential equation as
fallows, by comparing the parameters of equation 5.25

d’w {__+K‘ 1/4 2m }WzO 5 26
d77 4 n n
Where,
K=4 5.07
Whose, solutionis W, (77)
W, +RW
¢a (Z) _ k.n (77) 1" k,—m (77) 508
n
1
@, =—W..(m) 5.29
n
_n 1
W)= 77 2F(E—k+m,1+2m,77) 5.30
i _n 1
Wk,—m(n)znz e ZF(E_k_m71_2m777) 5.31
-5 Bl
Fapl )—e4f (@S- 1){ j g (a?)
5.32
F(a 5.33
ﬁ '(ﬁ)
o 5.34
P (—n)! )
. D
r= 5.35
(—n)!
pa _ PV
5.36
(a—p)!
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5.37
Therefore,
1 2m)! e’
Flloa emivomp|=@mie ;151
2 m! n" V4
5.38
Equations 5.30 and 5.31 becomes,
L n
ka(n):nzezjz,n(2 —J 5.39
| T
Lo
ka(ﬂ)=772e2J2m(2 EJ 5.40
' V.4
These are the two independent solution of the

homogeneous differential equation (5.21) however, 2m
is assumed to be not an integer. Therefore, we choose
the linearly independent solutions of the equation as:

Wk,—m (77) + RIWk m (77)

¢,(2)= : 5.41
n
W,
@, (2) = Won D) 5.42
n
1o 7 1o 7
¢a (Z) :77 262‘]—2m(2\/:J+R177 262‘]2m(2\/:J
T T
5.43

A n
9, (2) =1 262]2,"{2\/;} 5.44
%
_€ n n
¢11 (;/I)_ \/;{Jﬂn(z ”J+Rl‘]2m(2\/;J:|

5.45

2

o, m=—1, 2.1 5.46
A NF:

Approximating, Bessel’s

2m
functionJZm(Z EJE( EJ and
T T

-2m
J_Zm(2 QJE( QJ for small values of ‘7 ’i.e.

T T
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small p =0 orx — o (Beck et al, 1992).

Where, R, can be determined by using the boundary
conditions, and is found to be

2N Ja, p—m—1/2
R=—Z el 5.47
4p a,p+m—1/2
and Alis determined as
1_ 0
Al=—4m(l—z0)2 /azpe\/%p( Z) 5.48

Then, the GF’s solution (5.12) becomes,

o (p.2s)= L S +R [‘“”jm "
1 3y Koy 2p (1—2{) )3 m 1 2

5.49

T
h —mh
é\(pzs)= eZO\/“?” e_ml_ Jap-m=y2)e
T ol | m (Japrm-y2) m

5.50

Assuming z = 0, i.e. the concentration at ground level
which practically necessary to assess the impact of
pollutant. Then

h, =h, :log{

m

} =h (say) 5.51
-z

o

Then the equation (5.49) becomes

A ezo\ a2p e—mh
¢ (p0,s)= , 7<z2
! 2p:(1=2,) | a,p +m—1/2 0

5.52

Using standard tables, Erdelyi et. all (1954), Schaum
Series (1950) Beck et.all (1992), performing the multiple-
inverse Lap lace transform over equation (8.5.51) and
obtain the solution as:

Zo 612]7 _mh
_i| e e
C(x0,0)=LNL! , 71<7
! Tl efi-z)| Jap+m=1/2 ’
5.53
Where,
1
m= Z+a'+s+p(ao+a1+a2) 5.54
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eZO@ e—mh \/zp—nﬁ/]/ﬂ e—mh

he't 1Y e h -~ W(s)
c(xDt)= - /2 (2.0, (1) | 7 SIPDSFW(s) £z,
T 2pfa(l—z, )a, | V4 {%Ja? }y . 20012 )| " Japrmely | om
5.64
Where,
5.55 I
\/7 ) mz\/—+a'+s+p(ao+al+a2) 5.65
A N2 h h 4
Zo| = t+ + +1/4+ x
2, [4a2t2 ZIM]
lI‘I(Z’ t) =e 556 A _ eZ() \I a2p e—mh
¢ (p0,s)=W(s) , 2<2
h 2, [a 1 p\/(l—z § [P tmt12
W, (z,1) = Erfc +1/2 Wx =22 |22 | 557 0
2t a, 2V x 5.66
Taking inverse lap lace transform along s, we get
p=a,+2a, +3a, 5.58
Z .Ja,p -
0 2 —mh
1 C(p0,t)= ¢ ! Wisk <
h :log( j 5.59 0, : . 2<2Z,
1— P9 a,p+m+1/2
Z, py(1-z ) V4
5.67
Case 2
Z() a2p t
When the source is of Step-Function type 61(19,0, t)= 6—3{”1/(” JE(t—u )du}, <2,
If the source is of  Step-Function type, pV(l_Zo) ’
Ult-t,) LoO<t=t, enth is switched o8
t—t )= en the source is switche _
7o, t>t r! (s)}:W(t):U(t—to) 5.69
on during a fixed period of time and then switched off.
The equation (5.8) and along with boundary conditions —— _mh
becomes: E@) =11 Wk T 5.70
S| V+ asp +m
d| ., de 2 N W)
—|(1-zf ac —(a+s+p(Zaiz’j)c = —j)e pxoé(z—zo) ) )
dz dz 0 p - 1+0{+ Sa.lt| —
R I T NV s
. 560 E(Z)Ze W_ﬂle E#{M-i_ﬂl Z]
d
(172 “€ =0, at z=1 5.61
dz 5.70
) n?
dc B, 4 hB, + B2t
(1-z)> — =0, at 7 =0 5.62 _, Pal)e _ 1771 _h
iz E(t)=e = he Erfe 2\ﬁ+ﬂ1«ﬁ
Where,
sto
W) = 1-e 5.63 5.71
N
Solutions of ordinary differential equation (5.60) through B, :1/2+ /azp 5.72

Green’s Function technique at z= 0 becomes:



1 2
ﬁzz\/z+a+p2aj 5.73
0

! } 5.74

hzlog{1
-z

Equation (5.68) becomes

LoV 2P, t
6(p,0,t)—7 jW(u)E(t wydu+ [Ww)E(t —u)du
(1= z, ) ’,
eZO azp tO
=T [WWE(t—wduy z<z,
py(1=z, )" 0
ezo a2p JZ:
= E(t)du
py(1-z »
)
Z() a2p 3 —ﬂzt _Z hﬁ +ﬂ21
e 2 e 1 1 h
= e —fe Eif{+ﬂ \/;j
PP 25

o=t | |
Clp0,1)=—— o) — P —1 )
2pmi-z ) ¢
Where,
2
(1) = 5.78

, R h
(ﬁzt_MJ(ﬁlt+2\/;j

Caon=—=t ! ZO@[(ZXI)—(ZXI—IO)]

_— e
3P
20,}7(1—%)

5.79
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- 1{eZ0 ver [ﬂt))]} - )jCGl W0G, (x=v,0dv
0

p
5.80
Where,
Ax 2
Gl(x,t)ze 3Uu x+t2ai 5.81
0
/112
L Je b gt (4
O R i Erf +12f
2 azt X \/_
5.82

2

zZ la.p _ }BX
L}}{e ov2 [¢(r)b}=e—[ﬁ(fo2(fo3 =y

Equation (5.79) becomes

5.83

C(x0,t)= L xt)—y (x,t—t )
Y 2p1/7r(1—z0)3 {WI( ™ 0}
5.84
Where.
}%x
W, (x,1) =— [F,(x,1) = F, (x,1) = F, (x.1)]

e

2 2
i, +(42 7 jg

5.85

A.e
) A4 I
f0= [ﬂ#ﬂ?j E'f{ﬂe”% 5}
2 3

5.86

f] 567

F,(x,t)= eﬂl Erfc{

2
s | A }
F.(x,t)=e Erfc JE 5.88
b
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}Ll =z, ’“2 5.89

172+
2 - /2 5.90
)
2
i)
2
A= 5.91
3 a.
i
E=x+at 5.92
_ 1
h =log 5.93
-z,
2
a; =a0+a1+a2=2ai 5.94
0
Case 3

When the source is of Continuous type

When the source is of continuous elevated line source
W()=1 then, w()=L1. The solution (5.52) of the
S

differential equation (5.8) obtained through Green’s
Function method as by assuming x, =0and z=0.

A ezf’vazp oh
cl(pQ,s): = , 7<z
sp(1=z ) | 112+ /a,p+m 0

5.95
_ A
¢ (pD1)=— L
! o1z, ) J

Here,

e—mh
L, 7<Z
1/2+,/a,p+m °

5.96

h2

{WM’P] f_ﬁ; hﬁl*"”l’erf{ + Bt j

. e—mh
Y172+ Ja,p+m

5.97

NG iz—ﬁzzr
_( 01) he V2 e 7<z
C (py,
1 3 2 0
e T h_,},/;j
4t Wt
5.98
Where
B, =1/2+a,[p 5.99a
By =~+a+ap 5.99b
Now,
hZ
he “ | e_ﬁ%'ezo V2’
c(x0,t)= L, , 2<Z
1 2=z, K _p s 0
4t zf
5.100
h2
¢ (x0f)em e 'X[M( HN(x-1)d 1<z
O, 1)= X, X-U, u
1 2pdai-z,) 0 ’
5.101
e_ﬁzz'
M (x,t) =L} 5.102
h2 ,32
e t
4t 2
X— h2 at
4a_t2 i
_e i , xX>a.t
(1/4+a)
i
M (x,t) =
at
0 , x<al.t
5.103
2o 1112]7
N(x,1) ¢ 5.104
[5-a)
N
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Coxncentration C(x.0.t)

Distance (x)

Figure. 1 Ground level (z = 0) concentration vs.
source heights corresponding to the quadratic
diffusion and parabolic wind coefficient, chemical

reaction rate@ = 0O at

time t= 0.1 for

instantaneous Line Source.

S N(x) = —del? 2

a,dr | Jax

-12/4)(

1 A4 +A%x

L )e ' erfc[ +4, Jx J
2Wx

5.105
The formula 5.100 becomes
)
B
4 3
C(XD, t): {@I(X,I) _(D'z(xat)_@(x’t)}, Z<Z
1 3 [
2o mt(1-z,)
5.106
where
1112 [22_22]
/l e 2 3 /l
@, (x,t)=————¢ erfc{ L+ 1 \/E}
[,zj - ,zjj N
5.107(a)
2'12'2
(D'(x,t)ze—rfc +1f
’ 2(/12 - /13)
5.107(b)
_]'1]'2
o,(x,t)= erfc \/_
( + ;) [ f
5.107(c)
h = log [ 1 j 5.107(d)
1-z,
2
p=a,+2a +3a, =Z(i+1)al. 5.107(e)
0
A =-z,4Ja, 5.107(f)

2, = (1/z+ hj/ 5.107(g)
2t
A, = \/(1/4+ a)/ .. 5.107(h)
al. !
S=x-at 5.107(i)
2
a,=a,+a, +a, =Y a, 5.107(j)

RESULTS AND DISCUSSIONS

In this paper, the dispersion of gaseous pollutants
emitted from variable elevated line sources into a stable
atmospheric boundary layer is simulated and studied by
quadratic diffusion coefficient and generalized parabolic

2
wind profile u=a, +a,z+a,z . The three different

line sources (Continuous, Impulse and Step-Function
type of line sources) are incorporated to study the model.
An analytical solution for all the above said cases found
by multiple inverses of Laplace transforms through
Green’s Function technique. The constant wind and
(n=0), but for constant shear wind profile (n=1) the
numerical inversion of Laplace transform analyzed earlier
(Robson, 1987). However, in this model the analytical
solution for the generalized wind profile and for all the
three different cases of various sources. The results are
verified with the parabolic wind profile cases of the
(Sulochana, 2009). The results are compared with the
earlier work be C. (Sulochana and Shekhu, 2009,
Robson 1987). These are of good agreement with that of
the previous work by various authors. In the figure 1
above and 2 below.
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Figure. 2 Ground level (z = 0) concentration vs. variable
chemical reaction rate corresponding to the quadratic
diffusion and wind coefficient of parabolic, source height
o = 0.8 at Distance x = 4. for instantaneous Line
Source.
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Figure 3 Ground level (z=0) concentration for variable
chemical reaction rate corresponding to the quadratic
diffusion and wind velocity of constant shear, source
height z = 0.9 for an instantaneous line source.
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Figure 4 Ground level concentration for variable
chemical reaction rate corresponding to the
quadratic diffusion and wind coefficient of constant

shear, z, = 0.0 step-function type elevated line
source.



Shekhu and Sulochana. 033

Concentration C(x,0,t)

W
w
.
n

Distance (x)
o= Figure 5 Ground level concentration vs. Distance
for various heights on the surface to the quadratic
diffusion and constant shear wind coefficient,

chemical
t=25,

the results obtained by taking limiting case where
a,,a, = 0in wind profile considered in the present

model are compared with that of the results in the
previous work by (Sulochana and Shekhu, 2010). In the
figure 3 above the results are validated by comparing the
values for constant shear wind profiles for instantaneous

line source by a,, a, — 0. Infigures 4 and 5 above the

results compared with that of the case where wind
velocity is of constant shear and quadratic diffusion
coefficient for step-function type line source. This
obtained by taking the limiting case in the present model

as a,,a, —>0.
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